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Abstract. The initial vibration of a bell during and shortly after a stroke is analyzed.
For this purposea small bell with diameter and height of about 30cm is investigated in
detail. Di�er ent �nite elementmodels, including elementswith quadratic shape functions,
are created. The vibration frequenciesare computed to compare themwith measured acous-
tic data of the bell's sound. The motion of the bell is simulated with modal superposition
and non-linear time integration. GiD [1] is used for geometry modeling, meshgeneration
and result visualization. Important for the communication in the interdisciplinary project
is a good depiction of the mode shapes and animation of the bell motion.

1 INTR ODUCTION

Although the shape of present bells was developed in the 15th century, their acoustic
behavior is not completelyunderstood. Bellsarethreedimensionalshell likeobjectswhich
show a variety of possiblevibration modes. Bell foundersdesignthe shapeof bellsbasedon
experienceand simpleformula, which ensuresthat someof the resulting vibration frequen-
ciesform a minor accord. The ideal ratio of eigenfrequenciesis 1:2:2.4:3:4:5:.. . However,
real bells never perfectly �t into this shape and needto be tuned [2].

Simple models,which are basedon modal analysis,describe the overall motion as su-
perposition of di�eren t modescorresponding to the natural frequencies.Detailed analyses
of acoustic recordingscorrespond well with the theoretical results for the continuing vi-
brations after the stroke. However the sound of a bell during and shortly after a stroke
shows somephenomenawhich are beyond the scope of thesemodels. Therefore,a �nite
element model of a bell is created to investigate the direct non-linear e�ects of a stroke
on the bell's vibrations.

A small bell with diameter and height of about 30cm was cast especially for this
research project at the \Eifeler Glockengie�erei" (see�gure 3).
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2 GEOMETR Y MODELING

2.1 Symmetric Mo del

The bell founder provided a rough copy of the iron template which wasusedto deter-
mine the shape of the bell (�gure 1). From this, a simplemodel wascreatedby measuring
points on the template and rotating them around the bell's axis. The crown was added
afterwards. A tetrahedra meshwas obtained by using GiD's tetrahedra mesher[1] with
elements as large as possibleto reducethe computational cost.

GiD

Figure 1: Template, points, and tetrahedra mesh

Additionally a hexahedramodel as shown in �gure 2 was created. For this purpose
the crosssection was divided into quadrilaterals. This section was rotated by anglesof
5 degreesto obtain hexahedravolumes,which represent one �nite element each. Again
the crown was addedafterwards.

GiD

Figure 2: Bell section and hexahedramesh

2.2 Mo del from Measured Data

To obtain a moreprecisegeometryof the bell, the bell wasmeasuredat the Institute of
Photogrammetry and GeoInformation. Stripeswith marked points were attached to the
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surfaceof the bell asshown in �gure 3. The locationsof thesepoints in three dimensional
spacewerecomputedfrom 33 imagesby a bundle adjustment method using the software
packagePhotoModeler5.0 [4]. The photogrammetric imagesweretaken with a calibrated
digital cameraNikon Coolpix 950 [5].

GiD

Figure 3: Bell with marked points, points in GiD

With this data, about 20 points of eight sectionsof the bell, the shape of the sections
can be corrected. This yields an improved approximation, which allows a comparisonof
the data with somesoundrecordings.

3 VIBRA TION ANAL YSIS

3.1 Comparison of Vibration Frequencies

The �nite element modelswereusedto computemode shapeswith the subspacealgo-
rithm. This is necessaryto comparethe natural frequenciesof the bell with thoseof the
real bell, which are known from a Fourier analysisof the bell's soundafter a stroke.

Table 1: Vibration frequencies[Hz]

Degree Acoustic data Tetrahedramodel Hexahedramodel
with crown with crown without crown

Hum 588.54 820.26,820.72 629.11,629.41 628.81
Prime 1190.58,1196.97 1552.72,1553.23 1192.52,1192.90 1193.68
Tierce 1444.47 1846.81,1847.81 1531.51 1531.53
Quint 1757.10 2309.45,2310.39 1824.23 1824.34

Table 1 shows the results for a tetrahedra model with linear shape functions (56000
DOF) and a hexahedramodel with quadratic shape functions (104000 DOF). In both
cases,the bell is not �xed at any point and can vibrate freely in space. Plots of the
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a. Hum b. Prime c. Tierce

Figure 4: Vibration modes(white = undeformedmesh)

vibration modes as shown in �gure 4 are used to match degreesand frequencies,as
demonstratedin [3].

The resultsobtained with the linear tetrahedra model do not correspond well with the
acousticdata due to the bad representation of bending deformation with theseelements.
However, usingtetrahedrawith quadratic shapefunctions leadsto largesystems(> 300000
DOF), which could not be solved with our equipment. The useof quadratic elements in
the hexahedramodels signi�cantly improves the computed eigenfrequenciesof the bell,
while the crown only in
uenceshighermodes,but not the basicfrequencies.The resultsof
the �nal model with the measureddata are not available yet, but are expectedto be even
closer to the measuredfrequencies. The present di�erence to the experimental data is
causedby the inaccurategeometricmodel and only estimatedmaterial properties. After
all, a rough �t is su�cien t as only the generalvibration phenomenaare of interest.

3.2 Time Domain Analysis

In the courseof a further investigation, the movement of the stroke of a clapper on
the bell shall be computed with a time integration method. With this procedure the
non-stationary motion is analyzedduring the stroke and shortly afterwards. Within this
analysis,eventually alsonon-linear deformationshave to be considered.
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